Abstract-In this paper, we present a new formulation for the analysis of electromagnetic scattering from arbitrarily shaped threedimensional (3-D) perfectly conducting and piecewise homogeneous dielectric composite body. The formulation treated here is the combined field integral equation (CFIE). The conducting/dielectric structure is approximated by planar triangular patches, which have the ability to conform to any geometrical surface. The surface covering the conducting body is replaced by an equivalent surface electric current and the surface of the dielectric by equivalent electric and magnetic currents. The all surface currents are approximated in terms of RWG (Rao, Wilton, Glisson) functions. The objective of this paper is to illustrate that the CFIE is a valid methodology in removing defects, which occur at a frequency corresponding to an internal resonance of the structure. Numerical results are presented and compared for composite scatterers with solutions obtained using other formulations.
INTRODUCTION
Many publications are available for the analysis of a composite structure that is a combination of conductors and dielectric bodies. However, most of the earlier techniques have been utilized to solve two-dimensional problems and bodies of revolution [1] [2] [3] [4] [5] . In the analysis of conducting/dielectric composite bodies at frequencies, which correspond to an internal resonance of the structure, spurious solutions are obtained for the electric field integral equation (EFIE) or the magnetic field integral equation (MFIE). One possible way of obtaining a unique solution at an internal resonant frequency of the structure under analysis is to combine a weighted linear sum of the EFIE with MFIE and thereby eliminate the spurious solutions. This combination results in the CFIE. To analyze 3-D objects using a surface integral equation, the triangular patch modeling can be used. The triangular patches have the ability to conform to any geometrical surface or boundary, permit easy descriptions of the patching scheme to the computer and may be used with greater densities on those portions of the surface where more resolution is desired. A suitable basis function for the triangle patch is the RWG function presented in [6] . Although integral equation formulations have been used for 3-D composite bodies [7] [8] [9] , the CFIE has not been applied for the analysis of scattering by arbitrarily shaped 3-D composite objects with triangular patch modeling. Sarkar et al., proposed the EFIE for the analysis of scattering by arbitrarily shaped 3-D complex bodies for the first time [7] . In their work, the electric current is expanded using the RWG functions, but the magnetic current is expanded using another set of basis functions given by n×(the electric currents) which are point-wise spatially orthogonal to the original set. Here n is the unit normal pointing outward from the surface. In addition, the triangular patch basis function is also used as the testing function. The integral equation used in [9] is the PMCHW (Poggio, Miller, Chang, Harrington, Wu) formulation for the dielectric body with the EFIE for the conductor, in which the RWG function has been used both as the basis and testing functions, to approximate both the electric and the magnetic currents.
In a recent paper [10] , a CFIE formulation has been proposed for a homogeneous dielectric problem. In that work the RWG functions are used as basis functions to approximate both the electric and magnetic currents, and RWG and n×RWG functions are used as testing functions. Jung et al. also presented a set of CFIE formulations by choosing a combination of testing functions and dropping one of the testing terms in CFIE [11] , based on [10] . Using this testing technique, we present CFIE formulations for the analysis of 3-D arbitrarily shaped composite structures without any internal resonant problems. We investigate the integral equations and propose choice of expansion and testing functions. The goal is to illustrate that only CFIE formulations are stable methodologies. In the next section, we describe the integral equation formulations and testing procedures. Section 3 presents numerical results for composite structures and compare with other available solutions. Finally, conclusions are presented in Section 4.
INTEGRAL EQUATIONS
In this section, integral equations are investigated to analyze the composite structures. For the sake of presentation, we assume that there is one conducting body and one dielectric body. However, the formulation is quite general and can be used to analyze multiple complex structures. The composite structure is illuminated by an incident plane wave, of which the electric and magnetic fields are denoted by E i and H i . It may be noted that the incident field is defined to be that which would exist in space if the structure were not present. By using the equivalence principle, we replace the conducting structures by an equivalent surface current J c radiating in free space. The total tangential electric field on the conducting surface must be zero. The regions exterior and interior to the dielectric body are characterized by medium parameters (ε 1 , µ 1 ) and (ε 2 , µ 2 ), respectively. Further, we assume that the dielectric body is a closed body so that a unique outward normal vector can be defined unambiguously. We employ the equivalence principle to split the original problem into two separate ones. The first one is where the fields are equivalent external to the body, and the second one is where the fields are equivalent internal to the body. Therefore, a set of coupled integral equations may be written for the tangential component of the total electric field in terms of the equivalent current J c on the conducting surface S c and equivalent electric current J d and magnetic current M d on the dielectric surface S d , given by [7] 
where the superscript 's' means the scattered field and subscripts represent the field of the exterior and interior equivalence models evaluated at the boundaries of the equivalence regions in the limits as they approach from their complementary regions, respectively. The integral equations described by (1)- (3) are the EFIE since we enforced the continuity condition on the electric field only. Similarly, by enforcing the continuity of the tangential magnetic fields across each interface, the following MFIE may be obtained:
In the analysis of composite structures at a certain frequency, which corresponds to an internal resonance of the closed body, spurious solutions may be obtained for the EFIE or MFIE only. One possible way of obtaining a unique solution at an internal resonant frequency of the structures under analysis is to combine a linear sum of the EFIE and MFIE and thereby eliminate the spurious solutions. This combination results in the CFIE. Although numerous formulations for a composite structure have been solved for, the CFIE has not been applied for arbitrarily shaped 3-D composite objects using the triangular patch modeling with the RWG function. For the CFIE formulation, a set of integral equations are formed from the set (1)- (6) using the following form
where η 1 and η 2 are the wave impedance of region 1 and 2, respectively. α c and α d are the usual combination parameters which can have any value between 0 and 1. We may choose α c = 0 when the conductor is open. As an alternative way to express the CFIE formulation, we can obtain the C-PMCHW formulation by adding (2) to (3) and (5) to (6) as the following set:
Eq. (7) is applied to the conducting body on S c as in the CFIE. In the above formulation, if α c = 0, this is called as E-PMCHW, and if α c = 1, this set is named H-PMCHW [5] . In this work, planar triangular patches approximate the given complex structures. A suitable basis function for the triangle patch is RWG function f n . In the EFIE formulation [7] , another vector basis function is defined as g n = n × f n . The functions f n and g n are pointwise orthogonal in the triangle pair. The electric current J c and J d , and the magnetic current M d on the scattering structure may be approximated in terms of these two basis functions as
where N c and N d are the numbers of common edges on the conducting and dielectric surfaces in the triangulated model, respectively. The next step in the application of the method of moments is to select a suitable testing procedure. As a testing function, we choose the RWG function f m . Using (12)- (14), we test (1)-(3) with f m , yielding
For the MFIE formulation, the electric current J c on the conductor is approximated by (12) , but the equivalent electric current J d and the magnetic current M d on the dielectric structure may be approximated by
These current expansions are dual to (13) and (14) in the EFIE formulation. Using (12), (18), and (19), we test (4)- (6) with RWG function f m , yielding
Now, consider the CFIE formulation. The electric current J c on the conductor, and the equivalent electric current J d and the magnetic current M d on the dielectric structure may be approximated by RWG basis functions as (12) , (13) and (19), respectively. In the CFIE formulation, we test (7) with f m and we use two basis functions as the testing functions for (8) and (9) . By choosing the testing functions for electric field part as f m + g m and for the magnetic field part as −f m + g m as in [11] , we have
Note it is possible to choose the testing functions as f m − g m for the electric field part and f m + g m for magnetic field part as in [11] . In the above formulation, if α d = 0, this is called as TENE formulation, and if α d = 1, this is named THNH formulation [10, 11] . Note that if α c = α d = 0, we name this EFIE-TENE as an alternative EFIE formulation, where only electric field integral equations are considered, and if α c = α d = 1, we name this MFIE-THNH as an alternative MFIE formulation, where only magnetic field integral equations are considered. In this work, even though EFIE-TENE or MFIE-THNH consists of only the electric or the magnetic field, respectively, we consider this as a special case of CFIE with α c = α d = 0 or α c = α d = 1 to differentiate from the EFIE or MFIE described above. In the C-PMCHW formulation, the RWG functions are used to expand the electric current J c on the conductor, and the equivalent electric current J d and the magnetic current M d on the dielectric structure as in the CFIE formulation. Also f m is used as the testing function. Applying the testing procedure to (10) and (11), we get
(27) Note that equations (23), (26) and (27) are converted to a matrix equation for C-PMCHW formulation. Expansion and testing functions used in the four formulations, viz. EFIE, MFIE, CFIE, and C-PMCHW, are summarized in Table 1 . A similar procedure to convert integral equations to a matrix equation can be found in [11] in detail. Table 1 . Testing and expansion functions used in four formulations.
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NUMERICAL EXAMPLES
In this section, we present and compare the numerical results obtained from several integral equation formulations discussed in the above section. In the numerical computations, the scatterers are illuminated from the top (−z direction) by an incident x-polarized plane wave. The frequency range over which the results are calculated is between 0 to 500 MHz at an interval of 4 MHz. We compare all the computed results with those obtained from the commercial software, WIPL-D [12] , at the same interval of 4 MHz.
As a first example, we consider a composite structure, as shown in Fig. 1 , which consists of a perfectly electric conductor (PEC) and dielectric body. The conducting sphere has a diameter of 1 m and is centered at the origin. The dielectric has a diameter of 0.8 m and a relative permittivity of ε r = 2. The separation of their centers is 1 m. The surfaces of two spheres are modeled with 528 triangular patches, which resulted in a total of 792 edges, respectively. The total number of unknowns is N = N c + 2N d = 2, 376. The number of unknowns is 2,304 in the computation using WIPL-D. Fig. 2 shows the radar cross section (RCS) solutions obtained from EFIE and MFIE, and compares those with the WIPL-D result. It is clearly seen that there are several discontinuities in the figures due to the resonant frequencies of the two spheres. Fig. 3 show the results of EFIE-TENE and MFIE-THNH, which are special cases of CFIE with α c = α d = 0 and α c = α d = 1, respectively, and compares those with the WIPL-D result. We may also see discontinuities due to the resonant frequencies. If we look carefully at Fig. 2 and Fig. 3 , we observe that a good agreement of the solutions except at or near the several resonant frequencies, and number of peaks in MFIE and MFIE-THNH, which considers only the magnetic field, is more than that in EFIE and EFIE-TENE, which considers only the electric field. shown here also exhibit resonance problems.
As a second example, we consider conducting and dielectric cubes as shown in Fig. 5 . The conducting cube has a side of 1 m and is centered at the origin. The dielectric cube has a side of 0.8 m and a relative permittivity of ε r = 2. The separation of their centers is 1 m. The surfaces of two cubes are modeled with 768 triangular patches, which resulted in a total of 1,152 edges, respectively. The number of total unknowns is N = 3, 456. The number of unknowns is 3,600 in the computation using WIPL-D. Fig. 6 shows the RCS solutions computed from EFIE and MFIE, and compares those with the WIPL-D solution. Fig. 7 shows the results of EFIE-TENE and MFIE-THNH. It is clearly seen that there are several discontinuities near the resonant frequencies for the two cubes in each figure. If we look carefully at Fig. 6 and Fig. 7 , we observe that the good agreement of the solutions except at or near the resonant frequencies, and number of peaks in MFIE and MFIE-THNH is more than in EFIE and EFIE-TENE. 
CONCLUSION
A set of coupled integral equations is considered to analyze scattering from 3-D arbitrarily shaped conducting/dielectric composite objects. The integral equations are derived using the equivalence principle and utilizing the continuity conditions of the fields. To obtain a numerical solution, we employ the MoM in conjunction with the planar triangular patch basis function. The EFIE and MFIE formulations give valid solutions except at an internal resonant frequency of the scatterer. In order to obtain stable solutions, we propose the CFIE and C-PMCHW formulations that are not affected by internal resonance problem. All the solutions obtained from the two formulations have been compared with the solutions of a commercial software and the agreement is excellent. 
